19

SYNCHRONIZATION BY PASSAGE THROUGH RESONANCES
IN NON-NEUTRAL PLASMAS

Lazar Friedland
Hebrew University of Jerusalem and UC Berkeley (on sabbatical)

A. Magnetized electron clouds and uniform V-states

B. Pattern formation by synchronization

C. Analytic approach and threshold for synchronization
D. Excitation of nonuniform V-States and stability

E. Subharmonic synchronization

F. Summary

Collaborators:
Arkadi Shagalov (Ekaterinburg) , Joel Fgjans (UC Berkeley)



A. MAGNETIZED ELECTRON CLOUDS AND V-STATES K&

r
Vic=-0g e,/
Phosphor 4 ¢ BO

B,
s | Drift-Poi s:?ron system
’W on/ot+V I+ O
M Ag=4ren
Filament ) |

F,

Malmber g-Penning trap




A. MAGNETIZED ELECTRON CLOUDS AND V-STATES K&

r
Vic=-0g e,/
Phosphor 4 ¢ BO

B,
s | Drift-Poi s:?ron system
’W on/ot+V I+ O
M Ag=4ren
Filament ) |

F,

Malmber g-Penning trap

2D IDEAL FLUIDS Euler's equationS

" r
—[yx e, odwl/a+V D 0

\V =
r
O=x V= A, || Av=w




A. MAGNETIZED ELECTRON CLOUDS AND V-STATES K&

Phosphor

-
9 ("

F,

Malmber g-Penning trap

2D IDEAL FLUIDS

—Oyx &,

\V =
r r "
w=[x V= Aye,

r
Vic=-0g &e,/B,

Drift-Poi s:}on system

on/at+V I O
Ap=4r7EN

Euler’ s equations 4 Analog: A
r
dwl & +V M 0 | EE)| w=nB,/(47eC)

AY =w

KQU:(BO/C)(P )
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Simplest Solution

Euler’ s equations \

ow/a+V Ilwxr O

AY =w

Q=w,/2
Solid body rotation

Uniform V-STATES

Q: Arethere noncircular uniformly rotating
constant density plasmaequilibria?

A Yes, the V-states (Deem, Zabusky, 1979)

Co
_ A

m=1 diocotron mode 2-fold V-state 3-fold V-state
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B. PATTERN FORMATION BY SYNCHRONIZATION 16

How to create a nontrivial V-state by a small external perturbation ?

SOLUTION: Passage through resonance and synchronization

‘ IN: Simple circular plasma column ‘

}

W, =eF(f 1) =2
Synchronization

|
| OUT: desired V-state| @

‘ ADD: chirped frequency perturbation ‘




How synchronization leads to pattern formation ?
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How synchronization leads to pattern formation ? 15

View uniform V-states as a continuous family of
area preserving deformations of acircle

® ©® ¥

Rotation frequency is afunction of the amplitude of deformation
Q=Q(a)

Continuing synchronization (phase locking) - wy (1) =Q(a)

time-evolving family of V-states amm a-a)

w = const numerical

Area = const . approach '

CONTOUR DYNAMICS




Realization of V-states by synchronization

SYNCHRONIZING POTENTIAL
(passing through linear resonance)

Wy =£cod [ wy(t)dt] r'™ cos(mg)
wy(t) =Q, —at

m=2

m=3
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Realization of V-states by synchronization 14

SYNCHRONIZING POTENTIAL §R v/ states in unbounded plasma

(passing through linear resonance)

CD simulations
Wy =£cod [ wy(t)dt] r'™ cos(mg)

w0y(1) = Q, — % @ ,
* 0 i = od @ * 0

m=2 m=3 m=3 m=4 m=5




C. THRESHOLD FOR SYNCHRONIZATION
(ANALYTIC APPROACH)

Unperturbed V-states :
Nonlinear traveling waves on acircle
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Unperturbed V-states :
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Nonlinear traveling waves on acircle

Weakly nonlinear solution: (Su, 1979)

r = a, +a, cog m(g - Q)] +a, cos2m( - Qt)]
w(m-1) %

b~ Q=Q, -

_w(m-1)

Linear frequency: Qg = -
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phase mismatch d(t) =y, (t)dt — 6 of time




RESONANTLY DRIVEN V-STATES

12

ay(t), &y (t), ay(t) - Slow functions
phase mismatch d(t) =y, (t)dt — 6 of time

r(@t) = a,(t) +a(t)cos{ m g— )} +a,(t)cos{2m ¢- @)} .

da; /dt = -£sinm®
Slow evolution equations

> dd/dt = Baf —at - cosmd

2a1




12
r(@t) = a,(t) +a(t)cos{ m g— )} +a,(t)cos{2m ¢- @)} .

ay(t), &y (t), ay(t) - Slow functions
phase mismatch d(t) =y, (t)dt — 6 of time

da; /dt = -£sinm®
Slow evolution equations

> dd/dt = Baf —at - cosmd

2a1
1/2
r=(ma) dy
(5/2)(m/a)3/4 'd—+(\”’\ -T)¥ =/

/2 1/4 -
-[Bl (m/a)""*ay| exp(ime)




P -nyw =
dr

Two asymptotic solutionsat 7 — +o subjectto W|;_ _,=0

W =gy exp(- T2/2)

a; =const; ® ~ 12/2
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w2 =y
dr

Two asymptotic solutionsat 7 — +o subjectto W|;_ _,=0

W =gy exp(- T2/2)

a; =const; ® ~ 12/2

SINGLE PARAMETER [ CONTROLSTHE BIFURCATION

Phase locked solution for First observed in experiments
U >y =0.411 on magnetized electron clouds

~1/2 _3/4 Fajans, Gilson, Friedland
| 5




Experiments on magnetized electron clouds (UC BERKELEY') g6

b

V, = £cos(j w,dt)
wy(t) =Q, + ot

r

<

v m=1 diocotron mode




Experiments on magnetized electron clouds (UC BERKELEY') g6

V, = £cos(j w,dt)
wy(t) =Q, + ot

m=1 diocotron mode
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Uy +Sinu = cosj ()t
w=1-at

(Animation by J. Fajans)

Autoresonantly Driven Pendulum

a =0.001
. 180 I 1
) 135 ary
i :é-u 90 [ =)
o«
Time - -200 435 I 8
0 | | |
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Time

DriveFrequency - 1.20

£= 03 g =002  £=0.01



D. EXCITATION OF NONUNIFORM V-STATES, STABILITY

AGAIN: PATTERN FORMATION BY PASSAGE THROUGH RESONANCE

INITIAL
1| DISTRIBUTION

(r) = ap(L-kr)




D. EXCITATION OF NONUNIFORM V-STATES, STABILITY

AGAIN: PATTERN FORMATION BY PASSAGE THROUGH RESONANCE

INITIAL -
1| DISTRIBUTION 1| M2

(r) = ap(L-kr)

-

M uticontour
CD simulations




NONUNIFORM V-STATES IN BOUNDED SPACE

m=1 Diocotron mode
Berkeley experiments

m=1- ~
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MODAL STRUCTURE OF NONUNIFORM V-STATES

Initial density distribution
6(r) = e (1—kr?)

Superposition of N density slices
N linear, m-fold symmetric modes




MODAL STRUCTURE OF NONUNIFORM V-STATES

Initial density distribution
0(r) = e (1—kr?)

Superposition of N density slices
N linear, m-fold symmetric modes
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Weakly nonlinear theory

of synchronized vortex pack

4 ~ - em
Each vorticity slice da/dt =-'sinmd

(a,=ag, n=L..N, |ef=1 dd:/dt:ﬁaz—at—icosm@

2a

Again, nonlinear Schrodinger-type equation for W = aexp(i®)

|C(lj—q)+(\LIJ\ )W =u

Full description of resonant interaction:
Threshold for resonant capture g, ~ 8~/ 2a>/4
Continuing phase locking == pattern formation



STABILITY OF

NONUNIFORM V-STATES ?

m=2 V-state Is stable
m=3.,4,... are not

1=7.00

Instability of m=3 state

1=8.34

4



Numeical Spectrum of

Developing Instability

1072
m=3
éﬁpﬁ
% m=2 %1071 m=4
2104 N
QP Y T o A |
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FREQUENCY, A

A3=N1+N\2 N4=N1+N\3
Resonant 3-wave Interactions for m=1,2,3 m=1,3,4
m=1,2,4 modes grow exponentially




E. SUBHARMONIC SYNCHRONIZATION

Can we excite m=1 diocotron

mode by passage through
subharmonic frequencies 7?7?

V, = £cos(j w,at)

W, (t) = (Q, +at)/n




E. SUBHARMONIC SYNCHRONIZATION

Can we excite m=1 diocotron

mode by passage through
subharmonic frequencies 7?7?

V, = £cos(j w,at)

\/ wy(t) =(Q, +at)/n

<Driveamp|itude e a wy(t)=(Q,+at)/n
Nonresonant response a~e& at wy(t) =(Q, +at)/n

n-th order nonlinear response a_ ~&" at wy(t) =nawy(t) =Q, + d

Effective resonant drive of amplitude €' ~ €
-1/(2 3/(4
Usual threshold €, ~ B2 o> 1 &, ~ 3 (2m gr3an

NNN




Experimental confirmation | IE-E cabts Saat
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SUMMARY. 0

(1) New paradigm: How to create and control a nontrivial V-state by starting
from a trivial equilibrium and using a perturbation?

(2) Recent general solution (applicable to many nonlinear systems): Pattern
Formation by Synchronization (PFS) via passage through resonances.

(3) We have seen emergence of m-fold symmetric V-STATES (nonlinear
diocotron modes) by passage through resonances with a Kelvin mode.

(4) Some nonuniform V-states are subject to 3-wave decay instability, but
can be stabilized by negative feedback.

(5) Some 30 papers in the field in the last 10 years with applications in
planetary dynamics (Plutinos), atomic physics, plasmas, fluids and nonlinear
waves: www.phys.huji.ac.il/~lazar

(6) Many gquestions remain open:
different patterns and waves, other types of resonances, higher
dimensionality, thresholds etc.



THE PLUTINO PROBLEM

In 3:2

_resonance

Objects
100-1000km

eccentricity .

‘Neptur;e' ' |

sé?nimaj or axis, AU
Distribution of KBOs (Jewitt, Lu)

- *Why 30% of trans-Neptunian

objects are in 3:2 resonance?

1 *Why they have large eccentricity?
1 *Why no objectsin 2:1 resonance?



MIGRATING PLANETS (Malhotra 1993-95) 2
’ 000000 ’. Pluto -

| ’JsU N Radial migration of Neptune =)
capture of Pluto into resonance

l =)  eccentricity

In 3:2

_resonance

Kuiper
Belt
Objects

BUT, why there are no KBOs in 2:1 resonance ??7?



Inclusion of Sun’s corotation creates 1
an order of magnitude gap between capture

thresholds into 2:1 and 3:2 resonances de/ dt = —esin®
Y 5 do/ dt = Be? - at —Zcosd)
E~m,/m
£, ~ a3
a, ~ g3

@tual Neptune
migration rate




’ . Pluto

Plutg

(s

Unknown migration time

Threshold phenomenon [Friedland, ApJ, 2001]:

Sun’s motion increases the time scale
for capture into 2:1 resonance by factor of 10

2Myr =T(3:2
y ( )thr

<T < T
mig

2:1 =
( )thr 20Myr

WE FOUND ACCURATE BOUNDS ON TIMESCALES INVOLVED IN
EARLYEVOLUTION OF THE SOLAR SYSTEM



